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An Efficient, Full-Potential Implicit Method
Based on Characteristics for Supersonic Flows
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A nonlinear aerodynamic prediction technique based on the full-potential equation in conservation form has
been developed for the treatment of supersonic flows. The method uses the theory of characteristic signal
propagation te accurately simulate the flow structure, which includes shock waves and mixed elliptic-hyperbolic
crossflow. An implicit approximate factorization scheme is employed to solve the finite-differenced equation.

: The necessary body-fitted grid system in every marching plane is generated numerically, using an elliptic grid
solver. Results are shown for conical and nonconical wing-body combinations and compared with experimental
daia and Euler calculations. The method demonstrates an enormous savmgs in execution time and memory

requirements over Euler methods.

1. Introduction

ONLINEAR aerodynamic prediction techniques based
on the Euler equations!? and the full-potential
equation*7 are steadily maturing into complex aerodynamic
tools and becoming an attractive alternate approach. to using
the linearized panel methods.® Panel methods can handle very
complicated geometries requiring minimal computer time to
provide less accurate results, while the Euler solvers need
expensive computer runs even for simple wing-body con-
figurations. The full-potential methods$” are a substitute for
the Euler methods!® to avoid the requirement of excessive
* computer time and memory allocation. While using a full-
potential method for supersonic flows, one should be aware
of the isentropic limitations of the theory. As a general rule,
the full-potential theory is expected to perform well when the
product of the Mach number and the characteristic flow
deflection angle is less than 1 (Md=<1).

The full-potential method of Refs. 4-6 is based on the
nonconservative form of the equation, while Ref. 7 and the
present paper deal with the conservative form, to conserve
mass across. the shock.%1® In order to properly treat the
supersonic flow structure, which includes shock waves and
mixed elliptic-hyperbolic crossflow, the present method uses
the theory of characteristic signal propagation based on the
eigenvalue system of the full-potential equation. An ap-
proximate factorization implicit scheme, which includes a
density biasing procedure in the crossflow plane, is in-
corporated to accelerate the computational efficiency. The
density biasing procedure is activated by the eigenvalue
system and properly takes into account the direction of the
crossflow. The implicit approximate factorization scheme
does not pose any restrictions on the direction of sweep that
are present in the successive line overrelaxation method
(SLOR).4$

The full-potential as well as Euler methods require the
application of boundary conditions at the actual body surface
location. This, in general, necessitates the use of a body-fitted
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coordinate system. In the present method, the equation is cast
in a more general arbitrary coordinate system and the ap-
propriate body-fitted grid is generated numerically, em-
ploying an elliptic grid solver.!!

The paper presents various results for conical and non-
conical wing-body configurations and comparison is made
with experimental data and Euler solution. The effect of the
density biasing based on the characteristic signal propagation
is demonstrated in terms of a sharper pressure profile across
the shock wave. References 5 and 6 present excellent results at
low supersonic Mach numbers,; while Ref. 7 and the present
paper demonstrate the capability of the conservative full-
potential approach in handling even very high Mach number
flows (M, ~4-6, a ~0-8 deg). All of the calculations reported
in this paper were performed using the CDC 7600 computer
and clearly demonstrated an order-of-magnitude or more
reduction in computer time over Euler methods. A typical
nonconical wing-body calculation takes less than 2 min of
execution time to produce results comparable with ex-
perimental data.

II. Formulation

The conservative full-potential equation cast in an arbitrary
coordinate system defined by {={(x,7,2), n=n(xy,2), and
£=£(x,»,2) takes the form

(DN o

where U, V, and W are the contravariant velocity com-
ponents. Introducing the following notation for convenience

U=U, V=U, W=U,
x=x;,  y=x, =X
§=X,, =X, E;X_q

the contravariant velocities and density are given by

3
Ui= Y ayox, i=1,2,3
j=1
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3 .
E ’i(t l.=1,2,3
& oox, ax,  j=123
-1 1/ (y=1)
=[1-(12—>M§,{U¢§+V¢,’+W¢E—I}] B!

The Jacobian of the transformation J is represented by

[ S
a(&né) ‘
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3(x,3.2) T Ty e ' ( )
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Equation (1) is in terms of a general coordinate system ({,7,£)
and can accommodate any kind of mapping procedure, cither
analytical (conformal mapping) or numerical. Use of Eq. (1)
to simulate the supersonic flow by marching in the { direction

first requires the establishment that the equation is indeed-

hyperbolic with respect to the marching direction. The nature
of Eg. (1) can be analyzed by studying its eigenvalue system.
Combining the irrotationality condition in the ({,7) and ($;£)
plane and Eq. (1), one can write the following matrix
equation:

Aq.+Bq,+Cq,=0 C))

where

(U (W), D (V) (1) (pU),
A= 0 1 0

| 0 0 1 |

(UMD VY, D 0V),, D (0D,
B= -1 0 0

L 0 0 | 0 i

(L) oWy, 1D (W), (L1 (W), ]
C= 0 0 0

L ~1 0 0 ]

r‘f’g
q=| o,

L &,

The subscripts in Eq. (4) denote differentiation with respect to

that variable.
 In order for Eq. (4) or Eq. (1) to be hyperbolic in the ¢
direction, the following two conditions must be satisfied:

1) A-! must exist.

2) All real linear combinations of 4 ~/B and A ~/C must
have real eigenvalues (characteristics). This implies A~/
(aB+ 8C) must have real eigenvalues for all combinations of
o and B satisfying o? + 32 =1.

When the .two conditions are applied to Eq. (4), the
following crlterlon is obtained for { to be the marchmg
direction.

U? ‘

(00) o= (20— o5 ) <0 ©)
where the transformation metric a,, is defined in Eq. (2) and a
is the local speed of sound. Equation (5) is the most general
form. For example, in a spherical system (r,6,¢), for the
radial direction r to be the marching direction, according to
Eq. (5), the radial velocity g, must be supersonic. In a Car-
tesian system (x,y,z), for x to be the marching direction, the
velocity u must be supersonic. For convenience, the derivation
of Eq. (5) for a Cartesian system is described in Appendix A,
and the derivation for an arbitrary coordinate system ({,7,£)
has been derived in a similar manner.

EFFICIENT, FULL-POTENTIAL IMPLICIT METHOD FOR FLOWS 1263

" Thus far, the condition for { to be a marching direction has
been identified froin the characteristic theory. This means the
(1,¢) plane will be treated as a marching plane, which will be
defined from here on in this paper as the crossflow plane (the
real crossflow is the projection of the velocity vector on a unit
sphere with center at the origin). Even though the flow is
supersonic in the marching direction (i.e., hyperbolic type),
the behavior of the flow structure in the crossflow plane (1,£)
can be a mixed elliptic-hyperbolic type. Depending on the
nature of the flow at a crossflow plane grid point (whether
elliptic, parabolic, or hyperbolic), the 5 and £ derivative terms
in Eq. (1) will be appropriately modeled. Again, the theory of
characteristics will dictate how the signals are propagated in
the crossflow plane.

A. Crossflow Signal Propagation

The nature of the flow in the (5,£) plane can be analyzed by
separately studying the eigenvalues of 4~/B and A~/C. The
eigenvalue character of 4 ~/B will determine the y-derivative
treatment and similarly A-!C for the £ derivative. For
illustration, only the study of 4 —/B is shown here, and 4 ~!C
follows the same procedure.

The eigenvalues A of A~!B are obtained by setting the
determinant 1A ~/B—\1=0. Since 47 is assumed to exist
[condition 1 preceding Eq. (5)], the following is true.

CASE 2. HYPERBOLIC
CROSSFLOW
POSITIVE V

CASE 1. ELLIPTIC
CROSSFLOW

A2

CASE 4. PARABOLIC
CROSSFLOW

. CASE 3. HYPERBOLIC
CROSSFLOW
NEGATIVE V

Fig.1 Eigenvalue structure in ({,5) plane..
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DIRECTION}
i+1,j+1,k
i+1,j,k+1
[
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=201 0 i+ 1
i+1,jk-1 P+1.j-1.k

Fig. 2 Implicit computational molecule.
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}(PV)(,,I“}(DU)% }(pV)%“—](PU)% }(pV)¢E—}(PU)¢£
IB—M|= -1 -A 0 =0 (6)
0 0 -\

Solving for A from Eq. (6), one gets

((0U) 4+ (0V) 5} VT D), + (0V) o )7~ 4000, (0P,

125

When Eq. (5) is satisfied, the discriminant in Eq. (7) is always
positive.

Now, analyzing A, and \,, the following combinations are
possible.

1) A, is positive and A, is negative, or \, is negative and A,
is positive.

2) \; and A, are both positive.

3) A;and )\2 are both negative.

4) >\ or A, is zero.

These possible combinations are schematically shown in
Fig. 1. Each one of these combinations describes a different
feature of the flow in the crossflow direction 5. Referring to
the diagrams of Fig. 1, the following descriptions are made.

Case 1

. Here, one eigenvalue is positive and one negative. This
implies an elliptic-type crossflow because the characteristic
signals are brought into point P from both the posmve and
negative dlrectlon of 5.

Case 2

Here, both the characteristics are positive, which means the
characteristic signals propagate into point P only from below
and anything happening above point P does not influence that
point. This describes a Ayperbolic-type crossflow point with a
positive contravariant velocity V.

Case 3

Here, the characteristic signals propagate from above into
point P and, similar to case 2, this describes a hyperbolic-type
crossflow with a negative contravariant velocity V.

Case 4

Here, one of the eigenvalues is zero and describes a
paraboltc—type crossflow This will represent the crossflow
sonic line.

The transition from an elliptic to a hyperbolic crossflow
type takes place through a parabolic point, which is indicated

" by one of the eigenvalues going to zero. Thus, by monitoring
the eigenvalues A\ ; and A,, one can precisely model the
crossflow plane terms. Depending on whether it is elliptic or
hyperbolic, appropriate finite-difference models for the z-
derivative term in Eq. (1) are chosen. This will be descrlbed
later in this paper.

One can readily see from Eq. (7) that one of the eigenvalues
goes to zero when (o V) . =0. From the definition of p and V
from Eq. (2) one can write

(V) 6, =P {azzy_ :_22 } ®

Thus, when a,, =V?/a? occurs, the method will anticipate a
switch in the character of the crossflow and realize the onset
of the formation of a supercritical crossflow.

Besides providing valuable information regarding the type
of crossflow, the eigenvalues N, and N\, of A~/B and,

Q)

2(pU)

similarly, A; and A\, of A~7C can also be used to determine
the marching step size A{ from a given Courant number.

CFL*Ay
Prax)y

®

5

CFL*A¢ }
(xmax)s

The quantities (A,,,), and (A,,,); define the maximum of
(AAy) and (AL A, ), respectively, and CFL is the user-
prescribed Courant number, usually set to values much
greater than one for implicit schemes (CFL ~ 5-20). )

A{=min {

B. Treatment of (0U/J), inEq. (1)

The direction { has been identified to be the hyperbolic
marching direction satisfying the condition given by Eq. (5).
Referring to Fig. 2, this derivative term will be backward
differenced as

(3),-

ommf64), ()} (69)-6%) )

a;A%; —0b, (AL, +AL)
(10)
where

1= (AL +AL)2

1 = (A, )2

0 =0 first-order accurate

=1 second-order accurate
Given the velocity potential ¢ information at all previous

planes 4, i—1, i—2,..., the problem is to compute ¢ at the
current plane i+ 1. Equation (10) involves both the density
and contravariant velocity at the (i+ 1) plane, and both are
functions of ¢ [Eq. (1)]. In order to write Eq. (10) in terms of
¢ will require only a local. linearization procedure. This is
done as follows:

(V) 11, = (pU);+ [ (pU) ] ,Ad + .. 1
where

(pU) y=p,U+pU; and A¢.=¢i+1'—¢i

Substituting for p, and U, into Eq. (11), and grouping
various term,

0V 120, (a1 - g;)iataA;M + (0= % ,-a(aAf)
+(‘113 @’ )ia(:j) +U’] -

The above locally linearized equation involves only A¢ as the
unknown to be solved for. To maintain the conservative
differencing, both (oU),,; and (oU); appearmg in the first
term of Eq. (10) will be linearized. That is, (pU); will be
11nearlzed about (i — 1) plane values. The upwind differencing
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of the {-derivative term as shown in Eq. (10) will produce a
truncation term whose leading term is {1—(¢?a,,/U?)}
Uz(bmAg“. This will always represent a positive artificial
viscosity as long as the marching condition dictated by the
characteristic theory, Eq. (5), is satisfied.

C. Treatment of the Crossflow Term (p V/J) in Eq. (1)

Similar to the treatment of the (oU) term, the (pV) i+1 will
also be linearized as

BV) i = (V)i + [ (pV) ;80 +...

=pi[<a21 ) aaA;’ (a22 a2> 6;;#

+ <a23 > a(,i;) V] S (13)

The above linearized expression for (oV);,, will be plugged
inside the y-derivative term of Eq. (1). It involves only A¢ as
the unknown variable. The finite-difference model for the
[o(V/J}], term will be dictated by the theory of characteristic
signal propagation as described in Sec. IILA. When the
eigenvalues of A~!B represent case 1 in Fig. 1 (one positive
" and one negative eigenvalue representing an elliptic type),
then all of the terms in [p(V/J) ] . will be central-differenced.
For this case, [a,,— (V?/a?)] is positive, and central dif-
ferencing of the [p(V/J )] term alohg with the backward
differencing of the [p(U/J)]Su term as in Eg. (10) will
preserve the diagonal dominance. For cases 2 and 3 of Fig. 1,

the crossflow behaves like a hyperbolic type, and [a,,
—(V2/a?)] is negative. Then, central differencing of the
terms in Eq. (13) is inappropriate, as it will destroy the
diagonal dominance, and, in addition, will not provide the
necessary artificial viscosity to avoid the formation of ex-
pansion shocks. Thus, when A, and A, are both positive or
both negative (hyperbolic type), the terms in [p (Vin 1,

should be upwind differericed depending on the direction of
V. However, such an upwind differencing in the 5 direction
will not give rise to a tridiagonal system and, in general, the
overall system will be pentadiagonal in nature. In order to
preserve the tridiagonal nature of the implicit scheine, rather
than upwind differencing the ¢ derivatives, the density biasing
concept’12 is implemented when the crossflow is hyperbolic.

The procedure is as follows:

(p LJ/) = 5% {g (@y ¢, +ayd, +023¢75’)} (14)

1

Here, the dénsity p has been repiaced by p defined to be
(referring to Fig. 2)

- j— *
Bigrjrru=— Vit vi k) P4 vk
1 * *
+ Y20, i vk PF e amue T 07— 15 2mic) (15)

where m=0 when V,,,,, ,>0,=+1 when V,; ,, , <0. The
artificial viscosity coef/ ficient v, ;, ,, , is computed as follows:

d22a2 .
vpens=n(1=25) 16)
Lj+ Y, .

where a is the local speed of sound and

V2
w=20 for (022 - ) >0 (elliptic crossflow)
a

i+ Yk
V2
=] for (a - —)
22 02

Thus, the density biasing is switched off smoothly when the
eigenvalues A, and A, exhibit an elliptic crossflow. All the ¢-

<0 (hyperbolic crossflow)
ij+ ik
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derivative terms are central differenced in Eq. (14). Treatment
of the density as represented by Eqs. (15) and (16) would
always. produce a positive artificial viscosity when the
crossflow is hyperbolic. The local total velocity is always
assumed to be greater than the speed of sound, otherwise the
marching procedure would fail. .

In Eq. (15), the evaluation of p* depends on whether the
flow is comical or nonconical. For conical flows, all p*
quantities are evaluated at the jith plane. For nonconical .
flows, at each nonconical marching plane, initially p* is set to
be the value at the ith plane and then subsequently iterated to
convergence by setting p* to the previous iterated value of p at
the current i+ 1 plane.

A similar density biasing procedure is implemented for the
[o(W/J)], termin Eq. (1).

Activating the density biasing based on the eigenvalue
structure of A~/B and A ~!C has proven to be very efficient
in predicting sharp shock profiles. The same concept can also
be employed for transonic applications.

D. Implicit Factorization Algbrithm

Combining the various terms of Eq. (1) as represented by
Eqgs. (10, 14, and 15) together with the terms arising from
fo(W/J)]1, will result in a fully implicit model. This is solved
using an approximate factorization implicit scheme. After
some rearrangement of the terms, the factored implicit
scheme becomes ‘

A0 13 (5 ay), 10 50y 0

[1+BA§6.§+BBE<J A§)+66£ 7 ag]

A, 8 1 0 / pay 1 0 pa,, 9
2 7 .12 + - = il —
[+BAs“3n+/33n<JAs“> Bon J 317]A¢ R
a7

which has the form

L,L,(A$) =R - as)

and is implemented as
L.(A¢)*=R, L, (Ad)=(A¢)", ¢=¢;+A¢ 19)

The various quantities appearing in Eq. (17) are given by

A p; U2 e; Uv.
b= ap?’ A’=—JL<‘1”' ?); A= (”12_7);

A3=ﬁ(a,3—93”) Qo)

and the right-hand-side term R consists of various known
quantities. The algorithm Eq. (19) requires only scalar
tridiagonal inversions.

HI. Grid System

The transformation of the physical space (x,y,z) to a body-
fitted computational space ({,9,£) is performed numerically
by using the elliptic grid generation technique of Ref. 11. The
body geometry at every marching plane is prescribed alorg
with a suitable outer boundary where freestream conditions
are imposed. Since the equation is cast in a general coordinate
system, the marching plane (constant ¢) can either be a
constant x plane or a spherical (constant ) plane as long as the
marching criterion [Eq. (5)] is satisfied. Given the geometry
shape and the prescribed outer boundary, the following set of

elliptic equations are solved to generate the interior grid.
£,+E,=P(&n), n,+n9,=0(%n) (21)
The forcing terms P and Q are properly chosen to achieve two
main desirable features: 1) to cluster grid points to a bound-
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ary, and 2) to force grid lines to intersect the boundary in a
nearly orthogonal fashion.

Once the grid is generated, all the metric terms a; in Eq. Q)
and the Jacobian J in Eq. (3) are computed by numerical
differentiation. To subtract out any numerical truncation
error in the freestream due to incomplete metric can-
cellation, !? it is essential to add the term (especially for a high
stretched nonorthogonal grid) :

5T () (=) e

to the right-hand side of the finite-differenced model of Egq.

(1). To be consistent with the implicit operator, Eq. (18), the

linearization procedures given by Eqgs. (12) and (14) are also
applied in evaluating Eq. (22).

IV. Results

A series of calculations were performed for conical and
nonconical geometries at various Mach numbers (M, ~2-6)
and angles of attack (a~0-10 deg) to validate the full-
potential characteristic switch methodology and assess the
feasibility of using numerical grid solvers for complex con-
figurations. The results from this study are compared with
experimental data and Euler simulation.

The generality of the formulation allows one to choose any
{ as the marching direction, provided the condition given by
Eq. (5) is satisfied. Thus, depending on the geometry
definition and the flowfield character, one could choose either
a constant x-plane marching or constant r-plane spherical
marching. '

Y .
w
[ g .
. % z
—_—— ~x
M. I/r

— ON,OFF DENSITY
BIASING ACTIVATOR
BASED ON
CHARACTERISTICS

1.6 ~--- DENSITY BIASING
EVERYWHERE IN
ol (#1.£) PLANE

12

Mce 1.0

My, =2, 6 =20° uc =100
(SURFACE CROSSFLOW MACH NUMBER})

Fig. 3 Effect of density biasing activator on the crossflow Mach
number distribution in the shock region. .
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The effect of on/off density biasing based on characteristic
signals in the crossflow plane (1,£), described by Eq. (16), is
demonstrated in terms of the crossflow Mach number (M)

distribution in the shock region in Fig. 3. When density

Fig. 4 Grid arrangement in the marching plane for a conically
cambered wing-body combination.

o 7.81° | 10.82°
PRESENT METHOD | —— | ..
DATA (REF. 14) Py o
-5 -1
.4 .
-3 —
-2 d
-1 —
0 —
A —
2 —
3 —
4 _
5 J
1.2
ZTAN A
X

Fig. 5 Surface pressure distribution on a conically cambered wing-
body combination, M_, =2.

83
PRESENT
.3 || METHOD
DATA
-2 REF. 14

J | 1 ] |
0 2 K .6

ZTAN A
X
Fig. 6 Surface pressure distribution on a flat conical wing-body
combination, M =2.
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biasing is applied everywhere,” including elliptic crossflow
points, it introduces unnecessary artificial viscosity and tends
to smear the discontinuities like shocks in the flowfield. This
is seen by the dashed-line crossflow Mach number distribution
across the bow shock and across the embedded shock on a
cone surface in Fig. 3. When the density biasing is switched
off at crossflow elliptic points, the shocks appear as a sharper
discontinuity (usually within two mesh intervals), as shown by
the solid line distribution in Fig. 3. All the calculations to be
presented here were achieved using the second-order accurate
implicit scheme [6=1 in Eq. (10)], with on/off density biasing
activator u in Eq. (16). :

Figure 4 shows the grid arrangement in the marching plane
for a conically cambered wing-body combination. The elliptic
grid solver with orthogonality constraints near the surface
required 40-60 iterations to converge to within 10-% error in
the residual. Figure 5 shows the pressure distribution at
M, =2 and angles of attack of 7.81 and 10.82 deg. The
leading-edge sweep is moderate (57 deg), and spherical plane
marching is implemented (instead of x-plane marching) to
avoid low supersonic Mach number components along the x
direction near the leading edge. The results are compared with
experimental data given in Ref. 14, The comparison is ex-
cellent. The marching step size A{ is chosen by monitoring the

FULL POTENTIAL RESULTS
® UNPUBLISHED NASA
A1 LANGLEY DATA
CP 0 | 1 ] | A 01:80
AR o
1k
CP 0 | i ] a=4°
Ak
'.1 r
Cp 0 a=0
P 0 2 4 6 8 1.0
X
/y

77

Fig. 7 Pressure distribution on Sears-Haack body at M, =6,
windward plane of symmetry.

T - — e e e e X

Fig. 8 Top and side views of a typical arrow wing-body con-
figuration.
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eigenvalues and setting the Courant number to about 20. The
numerical formulation, being a conservative form, predicts a
stronger crossflow recompression on the leeward side than
those seen in experiments. On a 20 X 49 (y,£) grid, the method

" requires about 1 min of CDC 7600 time. The conical flowfield

is assumed to have converged when the change in root-mean-
square density between two successive marching planes is
reduced to less than 10 -3,

Figure 6 shows the surface pressure distribution on a flat
conical wing-body (that is not designed to weaken the
crossflow shock formation) at two different angles of attack
(1.72 and 5.71 deg) and a Mach number of 2. The ex-
perimental data and the numerical prediction are in excellent
agreement and clearly indicate the presence of an embedded
crossflow shock.

Even though the full-potential theory is restricted by the
isentropic assumption, one will be surprised to find that the

AT T T T T

36| ]

.32 u} ]
—— FULL POTENTIAL

gl =——EULER MODEL J
. (MORETTI, REF. 15} f

NASA .

24— 0O M, =463|LANGLEY a
DATA

O M, =2.36] (REF. 15)

Cp

;
Fig. 9a Grid arrangement and surface pressure distribution for a
symmetric arrow wing at x/£=0.3.
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.32 T T T

gl = FULLPOTENTIAL i
--- EULER MODEL
(MORETTI, REF. 15)
24 ]
U M,=4.63| NASA LANGLEY DATA
(REF. 15)

20 0 M,=236

.32 i T
281~ —— FULL POTENTIAL
.24 - —--EULER MODEL

(MORETT!; REF. 15)
20}
0 M,=463)NaSA LANGLEY DATA

SO AL

1
e ———

I VAVAVA VA WA VB VS ey

W =

S
R

Fig. 9c Arrow wing pressure distribution at x/{=0.65.

theory can be effectively utilized to predict even very high
Mach number flows as long as M3 is less than or of the order
of 1 (M6é=<1). This is demonstrated in Fig. 7, which shows the
results for a Sears-Haack body at M, =6 and different angles
of attack (0, 4, and 8 deg). The numerical prediction is
compared with unpublished NASA-Langley data, and the
agreement is excellent. Constant x-plane marching is im-
plemented for this configuration.

Figure 8 shows a schematic of a symmetric arrow wing-
body configuration. The actual geometry shape is prescribed
analytically as detailed in Ref. 15. A series of computer runs
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-32 g T T T

——— FULL POTENTIAL
——+- EULER MODEL

.20 - (MORETT!, REF. 15)
16 O M, =4.63)NASA LANGLEY DATA
M2 o0 m-=236

Cp DJ@

Q
.08 |- WAKE
L REGION

I
0.0 0.25 0.5 0.75 1.0

Fig.9d Arrow wing pressure distribution at x/£=10.8.

were made for this configuration at different Mach numbers
and angles of attack and some results are presented here.
First, an initial data plane near the nose region of the con-
figuration is established by assuming a conical nose shape.
The nonconical marching is then initiated. At each nonconical
marching plane, the density is iterated to convergence [p* in
Eq. (15) usually takes 2-3 cycles to converge to 105 error
tolerance] before proceeding to the next marching plane. The
grid at each marching plane is generated using the elliptic grid
solver. Figures 9a-d show a series of results at x/f of 0.3, 0.5,
0.65, and 0.8, respectively. The full-potential results are
compared with the experimental data and Euler simulation in
Ref. 15. Figure 9a, which shows results for an x/¢ of 0.3,
clearly demonstrates the accuracy of the full-potential
simulation. It is surprising to see that the present full-
potential method compares with the experimental data even
better than the Euler calculation, even at a high Mach number
of 4.63. Similar excellent full-potential results are shown in
Fig. 9b for an x/¢ of 0.5 and compared with data from Ref.
15. The striking full-potential results are shown in Fig. 9c,
where the unphysical oscillations experienced by the Euler
simulation at M, =2.36 near the wing-body junction area are
not seen in the present method, and comparison with ex-
perimental data is more dramatic. Figure 9d shows the
pressure distribution at an x/f of 0.8, where the wing is
separated from the body. The wake is simulated by assuming
a planar shape, and imposing pressure equality (in the present
method, it will be density equality due to full-potential for-
mulation) across the cut. Again, the full-potential results are
in good agreement with the Euler solution and experimental
data.

Figure 10 shows an angle-of-attack case, M_ =4.63, a=3
deg for the same symmetric arrow wing-body configuration.
The results are compared with the data of Ref. 15 at x/{ of
0.65, and the agreement is good even near the wing-body
function region.

A typical arrow wing-body calculation using a 20 x 49 grid
in the (y,£) plane and a marching step size Courant number of
3-5 [for a given Courant number, the predicted marching step
size from Eq. (9) will decrease with decreasing freestre:am
Mach number], required approximately 2-3 min of CPU time
for the entire calculation. This includes the numerical grid
generation at each plane and the conical initial data plane and
represents an enormous savings in computer execution cost
over other nonlinear methods, especia}lly Euler solvers.
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Fig. 10 Angle-of-attack solution for the arrow wing at x/{= 0.65.

V. Conclusions

A nonlinear full-potential aerodynamic prediction
capability based on a sound mathematical theory of
characteristic signal propagation has been developed. The
method uses a general body-fitted coordinate system and
numerical mapping techniques. The on/off density biasing
activator in the crossflow plane has proved to be very effective
in capturing sharp shock profiles. Results for conical and
nonconical flows at various Mach numbers and angles of
attack are shown to be in excellent agreement with ex-
perimental data and Euler results. The enormous savings in
computational cost exhibited by the present approach makes
it a very promising substitute for the less accurate linearized
panel methods and expensive Euler solvers, for use as a
preliminary design tool. Future work will invalve automatic
grid generation for wing-body-nacelle-canard configurations
and better wake treatment.

Appendix—Derivation of the Marching
Condition [Eq. (5)] for a Cartesian System
The Cartesian system analog of Eq. (4) is given by

Af,+Bf,+Cf, =0 (Al)
where
(ou),  (pu), (o),
A= 0 1 0
0 0 1

EFFICIENT, FULL-POTENTIAL IMPLICIT METHOD FOR FLOWS ' 1269

(o), (ov), (ov),, ]
B=| -1 0 0
0 0 0

[ (ow), (ow), (ow), ]

c=| 0 0 0
| =1 0 0
(u

S=1 v
w

Equation (A1) is hyperbolic with respect to the x direction if
1) A-7 exist, and 2) A~! (aB+BC) must have real eigen-
values for all a and g satisfying o? +82=1.

Since A-! is assumed to exist, the eigenvalues of A4~/
(aB+BC) can be obtained by setting the following deter-
minant to zero. . ’

laB+BC—A\A =0 (A2)

Substituting for A, B, and C from Eq. (A1) into Eq. (A2), the
roots of the equation are obtained.

M= ['— a—”z,(va+ wB)

E e (B -

(A3)

Equation (A3) will have real values as long as the square root
term is real. This implies the quantity inside the square root
must be positive. Simplifying the quantity inside the square
root, the condition becomes

u?+ (va+wp)?

- —1>0 (Ad)
Let

o =cosf

2432

B=sind } mel+fi=1

v=qcos, w=gsind
where . ' ‘

g=vv?+w?, tand=w/v

Substituting these into Eq. (A4) and simplifying resultsin

u? + g2cos? (§—8)
2

—1>0 ' (AS)

Since this condition must hold for all combinations of 8 and g,
Eq. (AS) implies (for 0 ~0=7/2)

u?
7 1>0} for xto be the marching direction - (A6)

Equation (A6) is a special case of Eq. (5) in Sec. II.
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